
Vypoč́ıtejte prvńı a druhé parciálńı derivace funkćı:

1. f(x, y) = 3(x)2 − 5(y)3 + 1

∂f(x, y)
∂x

= 6x
∂f(x, y)
∂y

= −15(y)2

∂2f(x, y)
∂x2

= 6
∂2f(x, y)
∂y2

= −30y
∂2f(x, y)
∂x∂y

=
∂2f(x, y)
∂y∂x

= 0

2. f(x, y) = 4 3
√
x5 − ln y2 = 4x

5
3 − 2 ln y

∂f(x, y)
∂x

=
20
3
x

2
3

∂f(x, y)
∂y

= −2
y

∂2f(x, y)
∂x2

=
40
9
x−

1
3

∂2f(x, y)
∂y2

=
2
y2

∂2f(x, y)
∂x∂y

=
∂2f(x, y)
∂y∂x

= 0

3. f(x, y) = 5x3y2 − x2y3

∂f(x, y)
∂x

= 15x2y2 − 2xy3 ∂f(x, y)
∂y

= 10x3y − 3x2y2

∂2f(x, y)
∂x2

= 30xy2 − 2y3 ∂2f(x, y)
∂y2

= 10x3 − 6x2y

∂2f(x, y)
∂x∂y

=
∂2f(x, y)
∂y∂x

= 30x2y − 6xy2

4. f(x, y) = xy

∂f(x, y)
∂x

= yxy−1 ∂f(x, y)
∂y

= xy lnx

∂2f(x, y)
∂x2

= y(y − 1)xy−2 ∂2f(x, y)
∂y2

= lnxxy lnx = xy ln2 x

∂2f(x, y)
∂x∂y

=
∂2f(x, y)
∂y∂x

= yxy−1 lnx+ xy−1

5. f(x, y) = x sin(x+ y)

∂f(x, y)
∂x

= sin(x+ y) + x cos(x+ y)
∂f(x, y)
∂y

= x cos(x+ y)

∂2f(x, y)
∂x2

= cos(x+ y) + cos(x+ y) + x sin(x+ y) = 2 cos(x+ y)− x sin(x+ y)

∂2f(x, y)
∂y2

= −x sin(x+ y)

∂2f(x, y)
∂x∂y

=
∂2f(x, y)
∂y∂x

= cos(x+ y)− x sin(x+ y)
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Vypoč́ıtejte prvńı parciálńı derivace funkćı:

6. f(x, y) =
x3 + y3

x2 + y2

∂f(x, y)
∂x

=
3x2(x2 + y2)− (x3 + y3)2x

(x2 + y2)2
=

3x4 + 3x2y2 − 2x4 − 2xy3

(x2 + y2)2
=
x4 + 3x2y2 − 2xy3

(x2 + y2)2

∂f(x, y)
∂y

=
3y2(x2 + y2)− (x3 + y3)2y

(x2 + y2)2
=

3x2y2 + 3y4 − 2x3y − 2y4

(x2 + y2)2
=
y4 + 3x2y2 − 2x3y

(x2 + y2)2

7. f(x, y) = (sinx)cos y

∂f(x, y)
∂x

= cos y(sinx)cosy−1 cosx
∂f(x, y)
∂y

= − sin y(sinx)cos y ln(sinx)

8. f(x, y) = tan

(
x2

y

)

∂f(x, y)
∂x

=
1

cos2
(
x2

y

) 2x
y

∂f(x, y)
∂y

=
1

cos2
(
x2

y

)−x2

y2

9. f(x, y) =
(

1
3

) y
x

∂f(x, y)
∂x

=
(

1
3

) y
x

ln 3
y

x2

∂f(x, y)
∂y

= −
(

1
3

) y
x

ln 3
1
x

10. f(x, y) = xe
y
x

∂f(x, y)
∂x

= e
y
x − xe

y
x
y

x2

∂f(x, y)
∂y

= xe
y
x

1
x

= e
y
x

11. f(x, y) = ln
x− y
x+ y

∂f(x, y)
∂x

=
1
x−y
x+y

(x+ y)− (x− y)
(x+ y)2

=
2y

(x2 − y2)

∂f(x, y)
∂y

=
1
x−y
x+y

−1(x+ y)− (x− y)
(x+ y)2

=
−2x

(x2 − y2)

12. f(x, y) = ln(x+
√
x2 + y2)

∂f(x, y)
∂x

=
1

x+
√
x2 + y2

(
1 +

1
2

2x√
x2 + y2

)
=

1
x+

√
x2 + y2

(√
x2 + y2 + x√
x2 + y2

)
=

1√
x2 + y2

∂f(x, y)
∂y

=
1

x+
√
x2 + y2

1
2

2y√
x2 + y2

=
y

x
√
x2 + y2 + x2 + y2
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13. f(x, y) = arcsin
x√

x2 + y2

∂f(x, y)
∂x

=
1√

1−
(

x√
x2+y2

)2

√
x2 + y2 − x1

2
1√
x2+y2

2x

x2 + y2
=

=
1√

x2+y2−x2

x2+y2

x2 + y2 − x2

(x2 + y2)
√
x2 + y2

=
y

(x2 + y2)
√
x2 + y2

∂f(x, y)
∂y

=
1√

1−
(

x√
x2+y2

)2
x
−1
2

1√
(x2 + y2)3

2y =

=
1√

x2+y2−x2

x2+y2

−xy
(x2 + y2)

√
x2 + y2

=
−x

x2 + y2

14. f(x, y) = arctan
x− y
x+ y

∂f(x, y)
∂x

=
1

1 +
(
x−y
x+y

)2

(x+ y)− (x− y)
(x+ y)2

=

=
(x+ y)2

x2 + 2yx+ y2 + x2 − 2yx+ y2

x+ y − x+ y

(x+ y)2
=

y

x2 + y2

∂f(x, y)
∂y

=
1

1 +
(
x−y
x+y

)2

−1(x+ y)− (x− y)
(x+ y)2

=

=
(x+ y)2

x2 + 2yx+ y2 + x2 − 2yx+ y2

−x− y − x+ y

(x+ y)2
=

−x
x2 + y2

15. f(x, y) = (x+ y)y

Využijeme vzorce: AB = eB lnA

f(x, y) = ey ln(x+y)

∂f(x, y)
∂x

= ey ln(x+y)y
1

x+ y

∂f(x, y)
∂y

= ey ln(x+y)
[
ln(x+ y) + y

1
x+ y

]

16. f(x, y) = (x)x
y

Využijeme vzorce: AB = eB lnA

f(x, y) = ex
y lnx

∂f(x, y)
∂x

= ex
y lnx

(
yxy−1 lnx+ xy

1
x

)
∂f(x, y)
∂y

= ex
y lnx(lnx)2xy
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17. f(x, y) = xy · esin(πxy)

∂f(x, y)
∂x

= y · esin(πxy) [1 + πxy cos(πxy)]

∂f(x, y)
∂y

= x · esin(πxy) [1 + πxy cos(πxy)]

18. f(x, y) = ln
√
x2 + y2 − x√
x2 + y2 + x

∂f(x, y)
∂x

=
1√

x2+y2−x√
x2+y2+x

(
1
2

1√
x2+y2

2x− 1
)

(
√
x2 + y2 + x)− (

√
x2 + y2 − x)

(
1
2

1√
x2+y2

2x+ 1
)

(
√
x2 + y2 + x)2

=

=

(
x−

√
x2 + y2

) (
x+

√
x2 + y2

)
− (
√
x2 + y2 − x)(

√
x2 + y2 + x)

(
√
x2 + y2 + x)(

√
x2 + y2 − x)

√
x2 + y2

=

=

(
x−

√
x2 + y2

) (
x+

√
x2 + y2

)
+ (x−

√
x2 + y2)(x+

√
x2 + y2)

y2
√
x2 + y2

=

=
[x2 − (x2 + y2)] + [x2 − (x2 + y2)]

y2
√
x2 + y2

=
−2√
x2 + y2

∂f(x, y)
∂y

=
√
x2 + y2 + x√
x2 + y2 − x

(
1
2

2y√
x2+y2

) [
(
√
x2 + y2 + x)− (

√
x2 + y2 − x)

]
(
√
x2 + y2 + x)2

=

=
2xy

(
√
x2 + y2 − x)(

√
x2 + y2 + x)

=
2x

y
√
x2 + y2
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Vypoč́ıtejte parciálńı derivace tř́ı proměných:

19. f(x, y, z) =
√
x2 + y2 + z2

∂f(x, y, z)
∂x

=
1
2

2x√
x2 + y2 + z2

=
x√

x2 + y2 + z2

∂f(x, y, z)
∂y

=
1
2

2y√
x2 + y2 + z2

=
y√

x2 + y2 + z2

∂f(x, y, z)
∂z

=
1
2

2z√
x2 + y2 + z2

=
z√

x2 + y2 + z2

20. f(x, y, z) = (xy)z

Využijeme vzorce: AB = eB lnA

f(x, y, z) = ez ln(xy)

∂f(x, y, z)
∂x

= ez ln(xy)z
1
xy
y = ez ln(xy) z

x
= (xy)z

z

x

∂f(x, y, z)
∂y

= ez ln(xy)z
1
xy
x = ez ln(xy) z

y
= (xy)z

z

y

∂f(x, y, z)
∂z

= ez ln(xy) ln(xy) = (xy)z ln(xy)
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